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1. Introduction
Let k be a ﬁnite ﬁeld of characteristic p  3. Let K be a number ﬁeld of ﬁnite degree over Q and
GK its absolute Galois group Gal(K¯/K ). We consider continuous representations
ρ¯ : GK → GL2(k).
The central question that we study in this paper is the existence of a lift of ρ¯ to W (k), the ring
of Witt vectors of k. This question has been motivated by a conjecture of Serre [S1] which asserts
all odd absolutely irreducible continuous representations ρ¯ : GQ → GL2(k) are modular of prescribed
weight, level and character. This predicts in particular the existence of a lift to characteristic zero. This
conjecture was proved by Khare and Wintenberger in [KW1,KW2]. In [K], Khare proved the existence
of lifts to W (k) for any ρ¯ : GK → GL2(k) which are reducible. Ramakrishna proved under very general
conditions on ρ¯ that there exist lifts to W (k) for K = Q in [R1,R2]. Manoharmayum [M] proved that
there exist lifts to W (k) for K satisfying K = K (μp), where μp is the group of pth roots of unity.
Böckle and Khare have proved the general n-dimensional case for function ﬁeld in [BK]. In [Ha],
Hamblen proved the general n-dimensional case for K = Q. In this paper, we extend a result of [M]
to arbitrary number ﬁelds. In particular, we can remove the condition K = K (μp).
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Gal(K¯ v/Kv). Let Ad
0 ρ¯ be the set of all trace zero two-by-two matrices over k with Galois action
through ρ¯ by conjugation. Our main result is the following:
Theorem. Let K be a number ﬁeld, and let ρ¯ : GK → GL2(k) be a continuous representation with coeﬃcients
in a ﬁnite ﬁeld k of characteristic p  7. Assume that H2(Gv ,Ad0 ρ¯) = 0 for each place v | p. Then ρ¯ lifts to a
continuous representation ρ : GK → GL2(W (k)) which is unramiﬁed outside a ﬁnite set of places of K .
Our method used in the proof is essentially that of Ramakrishna [R1,R2]. In this paper, we follow
the more axiomatic treatment presented in [T]. In Section 2, we recall a criterion of Ramakrishna
[R2] and Taylor [T] for lifting problems. In Section 3, we deﬁne good local lifting problems at certain
unramiﬁed places and ramiﬁed places not dividing p, which will be used in Section 4. In Section 4,
we prove the Theorem by using the criterion in Section 2 and local lifting problems in Section 3.
Throughout this paper, we assume that p is a prime  7.
2. A criterion for lifting problems
In this section we recall a criterion of Ramakrishna [R2] and Taylor [T] for a lifting from a ﬁxed
residual Galois representation to a p-adic Galois representation.
Let k be a ﬁnite ﬁeld of characteristic p. Throughout this paper, we consider a continuous repre-
sentation
ρ¯ : GK → GL2(k).
Let S denote a ﬁnite set of places of K containing the places above p, the inﬁnite places and the
places at which ρ¯ is ramiﬁed, and let KS denote the maximal algebraic extension of K unramiﬁed
outside S . Thus ρ¯ factors through Gal(KS/K ). Put GK ,S = Gal(KS/K ). For each place v of K , we ﬁx
an embedding K¯ ⊂ K¯ v . This gives a corresponding continuous homomorphism Gv → GK ,S .
Let A be the category of complete noetherian local rings (R,mR) with residue ﬁeld k where the
morphisms are homomorphisms that induce the identity map on the residue ﬁeld.
Fix a continuous homomorphism δ : GK ,S → W (k)× , and for every (R,mR) ∈ A let δR be the
composition δR : GK ,S → W (k)× → R× . Suppose ρ¯ : GK ,S → GL2(k) has det ρ¯ = δk . By a δ-lift (resp.
δ|Gv -lift) of ρ¯ (resp. ρ¯|Gv ) we mean a continuous representation ρ : GK ,S → GL2(R) (resp. ρv : Gv →
GL2(R)) for some (R,mR) ∈A such that ρ (mod mR) = ρ¯ (resp. ρv (mod mR) = ρ¯|Gv ) and detρ = δR
(resp. detρv = δR |Gv ). We may often write (R,ρ) to indicate that the lift ρ is deﬁned over R .
Deﬁnition 1 (Taylor’s conditions). For a place v of K , we say that a pair (Cv , Lv), where Cv is a
collection of δ|Gv -lifts of ρ¯|Gv and Lv is a subspace of H1(Gv ,Ad0 ρ¯), is locally admissible if it satisﬁes
the following conditions:
(P1) (k, ρ¯|Gv ) ∈ Cv .
(P2) The set of δ|Gv -lifts in Cv to a ﬁxed ring (R,mR) ∈A is closed under conjugation by elements of
1+M2(mR).
(P3) If (R,ρ) ∈ Cv and f : R → S is a morphism in A then (S, f ◦ ρ) ∈ Cv .
(P4) Suppose that (R1,ρ1) and (R2,ρ2) ∈ Cv , and I1 (resp. I2) is an ideal of R1 (resp. R2) and that
φ : R1/I1 ∼→ R2/I2 is an isomorphism such that φ (ρ1 (mod I1)) = ρ2 (mod I2). Let R3 be the
ﬁber product of R1 and R2 over R1/I1
∼→ R2/I2. Then (R3,ρ1 ⊕ ρ2) ∈ Cv .
(P5) If ((R,mR),ρ) is a δ|Gv -lift of ρ¯|Gv such that each (R/mnR ,ρ (mod mnR)) ∈ Cv , then (R,ρ) ∈ Cv .
(P6) For (R,mR) ∈A, suppose that I is an ideal of R with mR I = (0). If (R/I,ρ) ∈ Cv , then there is a
δ|Gv -lift ρ˜ of ρ¯|Gv to R such that (R, ρ˜) ∈ Cv and ρ˜ (mod I) = ρ .
(P7) Suppose that ((R,mR),ρ1) and (R,ρ2) are δ|Gv -lifts of ρ¯ with (R,ρ1) ∈ Cv , and that I is an ideal
of R with mR I = (0) and ρ1 (mod I) = ρ2 (mod I). We shall denote by [ρ2 − ρ1] an element of
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0 ρ¯) ⊗k I deﬁned by σ 
→ ρ2(σ )ρ1(σ )−1 − 1. Then [ρ2 − ρ1] ∈ Lv ⊗k I if and only if
(R,ρ2) ∈ Cv .
Remark 1. Note that we may and do regard Cv as a functor from A to the category of sets.
Let Sf be the subset of S consisting of ﬁnite places. Throughout this section, suppose that a locally
admissible pair (Cv , Lv) is given for each v ∈ Sf .
Let χ¯p : GK → k× be the mod p cyclotomic character. For the k[GK ]-module Ad0 ρ¯ , by Ad0 ρ¯(i)
for i ∈ Z we denote the twist of Ad0 ρ¯ by the ith tensor power of χ¯p , and by Ad0 ρ¯∗ we denote its
dual representation Hom(Ad0 ρ¯,k). The GK -equivariant trace pairing Ad
0 ρ¯ × Ad0 ρ¯ → k : (A, B) 
→
Trace(AB) is perfect. In particular, Ad0 ρ¯ ∼= Ad0 ρ¯∗ as representations. Thus Ad0 ρ¯(1) ∼= Ad0 ρ¯∗(1) as
representations. By the Tate local duality this induces a perfect pairing
H1
(
Gv ,Ad
0 ρ¯
)× H1(Gv ,Ad0 ρ¯(1))→ H2(Gv ,k(1))∼= k.
Deﬁnition 2. A δ-lift of type (Cv )v∈Sf is a δ-lift such that ρ|Gv ∈ Cv for all v ∈ Sf .
Deﬁnition 3. We deﬁne the Selmer group H1{Lv }(GK ,S ,Ad
0 ρ¯) to be the kernel of the map
H1
(
GK ,S ,Ad
0 ρ¯
)→⊕
v∈Sf
H1
(
Gv ,Ad
0 ρ¯
)
/Lv
and the dual Selmer group H1{L⊥v }(GK ,S ,Ad
0 ρ¯(1)) to be the kernel of the map
H1
(
GK ,S ,Ad
0 ρ¯(1)
)→⊕
v∈Sf
H1
(
Gv ,Ad
0 ρ¯(1)
)
/L⊥v
where L⊥v ⊂ H1(Gv ,Ad0 ρ¯(1)) is the annihilator of Lv ⊂ H1(Gv ,Ad0 ρ¯) under the above pairing.
The following proposition is immediate from Theorem 4.2 of [B].
Proposition 1. Keep the above notation and assumptions. If
H1{L⊥v }
(
GK ,S ,Ad
0 ρ¯(1)
)= 0,
then there exists a δ-lift of ρ¯ to W (k) of type (Cv )v∈Sf .
3. Local lifting problems
For a place v of K , consider a continuous homomorphism
ρ¯v : Gv → GL2(k).
We denote by εˆ : Gv → W (k)× the Teichmüller lift for any character ε : Gv → k× and μˆ ∈ W (k) the
Teichmüller lift for any element μ of k. Let χp be the p-adic cyclotomic character.
In this section, for ramiﬁed places not dividing p and certain unramiﬁed places, we construct good
locally admissible pairs (Cv , Lv) with the δv := d̂et ρ¯v ˆ¯χ−1p χp , which will be used in Section 4. Let I v
be the inertia subgroup of Gv . We distinguish the following three cases. (Cases II and III have already
been considered in [T], but we recall them here for the convenience of the reader.)
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Suppose ρ¯v is unramiﬁed and v  p. Suppose that
ρ¯v(s) =
(
λ λ
0 λ
)
and qv ≡ 1 mod p, where λ is an element of k× , s is a lift of the Frobenius automorphism in Gv/I v
and qv is the order of the residue ﬁeld of Kv . Note that any δv -lift of ρ¯v factors through the Galois
group Gal(K tv/Kv ) of the maximal tamely ramiﬁed extension K
t
v of Kv . Let Pv be the wild inertia
subgroup of Gv . Let t be a topological generator of I v/Pv . The Galois group Gal(K tv/Kv) is generated
topologically by s and t with the relation sts−1 = tqv . We now deﬁne a homomorphism ρv : Gv →
Gal(K tv/Kv) → GL2(W (k)X) by
s 
→
(
λˆqv λˆ
0 λˆ
)
and
t 
→
(
1 X
0 1
)
.
The images of s and t satisfy the relation sts−1 = tqv . We deﬁne a pair (Cv , Lv) as follows: The functor
Cv :A→ Sets is given by
Cv(R) :=
{
ρ : Gv → GL2(R)
∣∣ there are α ∈ HomA(W (k)X, R) and
M ∈ 1+M2(mR) such that ρ = M(α ◦ ρv)M−1
}
.
If ρ0 : Gv → GL2(k[X]/(X2)) denotes the trivial lift of ρ¯v , we deﬁne a subspace Lv ⊂ H1(Gv ,Ad0 ρ¯v)
to be the set
{[c] ∈ H1(Gv ,Ad0 ρ¯v) ∣∣ (1+ Xc)ρ0 ∈ Cv(k[X]/(X2))}.
Lemma 1.We have
(i) dimk Lv = dimk H1(Gv/I v ,Ad0 ρ¯v) = 1.
(ii) The pair (Cv , Lv) satisﬁes the conditions (P1)–(P7) of Deﬁnition 1.
Proof. (i) First we prove that dimk H1(Gv/I v ,Ad
0 ρ¯v) = 1. By Proposition 18 of [S2] the dimension of
H1(Gv/I v ,Ad
0 ρ¯v) is the same as that of H0(Gv ,Ad
0 ρ¯v). Thus it suﬃces to show that H0(Gv ,Ad
0 ρ¯v)
is one-dimensional. This follows from(
λ λ
0 λ
)(
a b
c −a
)(
1/λ −1/λ
0 1/λ
)
=
(
a + c −2a + b − c
c −(a + c)
)
,
where a,b, c ∈ k.
Next we prove that dimk Lv = 1. Let f1 : W X → k[X]/(X2) be the morphism in A determined
by f1(X) = X . We deﬁne ρ1 : Gv → GL2(k[X]/(X2)) by the composition f1 ◦ ρv . The images of s and
t satisfy the relation sts−1 = tqv . Let c1 be the 1-cocycle corresponding to ρ1. The space Lv is spanned
by the class of c1. Thus we have dimk Lv = 1.
(ii) The conditions (P1), (P2), (P3), (P6) and (P7) follow from the deﬁnition of (Cv , Lv).
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ideals Ii ⊂ Ri , and an identiﬁcation φ : R1/I1 ∼→ R2/I2 under which ρ1 (mod I1) = ρ2 (mod I2). Take
αi ∈ HomA(W (k)X, Ri) and Mi ∈ 1 + M2(mRi ) such that ρi = Mi(αi ◦ ρv)M−1i , i = 1,2. We claim
that there exist α ∈ HomA(W (k)X, R3) and M ∈ 1+M2(mR3 ) such that M(α ◦ ρv)M−1 = ρ1 ⊕ ρ2.
By conjugating ρ1 by some lift of M2 (mod I2) to R1, we may assume that M2 = 1. Since α1 ◦ ρv(s) =
α2 ◦ ρv(s), the matrix M1 (mod I1) commutes with (α1 (mod I1)) ◦ ρv(s). Let
(
1+m1 m2
0 1+m3
)
∈ 1 +
M2(mR1 ) be a lift of M1 (mod I1). Put M
′
1 :=
(
1+m1 m2
0 1+m3−x
)
, where x := (qv − 1)m2 −m1 +m3. Note
that x ∈ I1. Then M ′1 ∈ 1+M2(mR1 ) commutes with α1 ◦ ρv(s). We now replace M1 by M˜1 := M1M ′−11
and α1 by some α˜1 : W (k)X → R1 such that M˜1(α˜1 ◦ ρv)M˜−11 = M1(α1 ◦ ρv)M−11 . By deﬁning
M := (M˜1,1) ∈ 1+M2(mR3 ) and α := (α˜1,α2) : W (k)X→ R3, the condition (P4) is veriﬁed.
Next we prove the condition (P5). Suppose that we have a ring R ∈A and a δv -lift ρ of ρ¯v to R
such that each ρ (mod mnR) ∈ Cv(R/mnR). Put ρn := ρ (mod mnR). Take αn ∈ HomA(W (k)X, R/mnR)
and Mn ∈ 1 + M2(mR/mnR) such that ρn = Mn(αn ◦ ρv)M−1n . We claim that there exist α ∈
HomA(Rv , R) and M ∈ 1 + M2(mR) such that M(α ◦ ρv)M−1 = ρ . Put Sn := {(α′n,M ′n) | ρn =
M ′n(α′n ◦ ρv)M ′−1n }. Since Cv(R/mnR) is ﬁnite, Sn is also ﬁnite. For each n, Sn is not empty. Thus
lim←−n Sn is not empty. The condition (P5) is veriﬁed. 
3.2. Case II
Suppose ρ¯v is ramiﬁed and v  p. In addition, suppose ρ¯v(I v) is of order prime to p. Deﬁne the
functor Cv :A→ Sets by
Cv(R) :=
{
ρ : Gv → GL2(R)
∣∣ ρ (modmR) = ρ¯v , ρ(I v) ∼→ ρ¯v(I v), detρ = δv}.
If ρ0 : Gv → GL2(k[X]/(X2)) denotes the trivial lift of ρ¯v , we deﬁne a subspace Lv ⊂ H1(Gv ,Ad0 ρ¯v)
to be the set
{[c] ∈ H1(Gv ,Ad0 ρ¯v) ∣∣ (1+ Xc)ρ0 ∈ Cv(k[X]/(X2))}.
Lemma 2.We have
(i) dimk Lv = dimk H0(Gv ,Ad0 ρ¯v).
(ii) The pair (Cv , Lv) satisﬁes the conditions (P1)–(P7) of Deﬁnition 1.
Proof. This lemma follows from the deﬁnitions and the Schur–Zassenhaus theorem. 
3.3. Case III
Suppose ρ¯v is ramiﬁed and v  p. In addition, suppose the order of ρ¯v(I v ) is divisible by p. By
Lemma 3.1 of [G], since p  7, we may assume that ρ¯v is given by the form
ρ¯v =
(
ϕχ¯p γ
0 ϕ
)
,
for a character ϕ : Gv → k× and a non-zero continuous function γ : Gv → k. The functor Cv : A →
Sets is given by
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{
ρ : Gv → GL2(R)
∣∣∣ there are γ˜ ∈Map(Gv , R) and M ∈ 1+M2(mR)
such that ρ = M
(
ϕˆχp γ˜
0 ϕˆ
)
M−1, γ˜ modmR = γ
}
.
If ρ0 : Gv → GL2(k[X]/(X2)) denotes the trivial lift of ρ¯v , we deﬁne a subspace Lv ⊂ H1(Gv ,Ad0 ρ¯v)
to be the set
{[c] ∈ H1(Gv ,Ad0 ρ¯v) ∣∣ (1+ Xc)ρ0 ∈ Cv(k[X]/(X2))}.
Lemma 3.We have
(i) dimk Lv = dimk H0(Gv ,Ad0 ρ¯v).
(ii) The pair (Cv , Lv) satisﬁes the conditions (P1)–(P7) of Deﬁnition 1.
Proof. The proof of this lemma is almost identical as in [T, Section 1(E3)]. 
4. Lifting theorem over arbitrary number ﬁelds
In this section, we prove our Theorem. For simplicity, We prove it assuming K = K (μp), but our
method works without this assumption. We shall note that Manoharmayum in [M] has proved it in
the case where K = K (μp).
We deﬁne δ : GK ,S → W (k)× by d̂et ρ¯ ˆ¯χ−1p χp . Throughout this section, we consider lifts of a ﬁxed
determinant δ. By the Schur–Zassenhaus theorem, if the order of the image of ρ¯ is prime to p, we
can ﬁnd a lift to W (k) of ρ¯ . Thus we assume the following:
• The order of the image of ρ¯ is divisible by p.
Since p  7 and the order of the image of ρ¯ is divisible by p, we see from Section 260 of [D] that the
image of ρ¯ is contained in the Borel subgroup of GL2(k) or the projective image of ρ¯ is conjugate to
either PGL2(Fpr ) or PSL2(Fpr ) for some r ∈ Z>0. In the Borel case, by Theorem 2 of [K] we have a lift
of ρ¯ to W (k). Thus we may assume that the projective image of ρ¯ is equal to PSL2(Fpr ) or PGL2(Fpr ).
Then, by Lemma 17 of [R1], Ad0 ρ¯ is an irreducible GK ,S -module. (Note that one may replace the
assumption that the image of ρ¯ contains SL2(k) in [R1] with the assumption that the projective
image of ρ¯ contains PSL2(Fp) without affecting the proof.) The irreducibility of Ad
0 ρ¯ implies that of
Ad0 ρ¯(1).
Let K (Ad0 ρ¯) be the ﬁxed ﬁeld of Ker(Ad0 ρ¯). Put E = K (Ad0 ρ¯)K (μp).
Lemma 4.We have
H1
(
Gal(E/K ),Ad0 ρ¯
)= H1(Gal(E/K ),Ad0 ρ¯(1))= 0.
Proof. We prove that H1(Gal(E/K ),Ad0 ρ¯) = 0. It suﬃces to show that H1(SL2(Fpr ),Ad0 ρ¯) = 0 and
H1(GL2(Fpr ),Ad
0 ρ¯) = 0, where GL2(Fpr ) and SL2(Fpr ) act on Ad0 ρ¯ by conjugation. By Lemma 2.48
of [DDT], we see H1(SL2(Fpr ),Ad
0 ρ¯) = 0. Since the index of SL2(Fpr ) in GL2(Fpr ) is prime to p, we
have H1(GL2(Fpr ),Ad
0 ρ¯) = 0.
By the assumption K = K (μp), H1(Gal(E/K ),Ad0 ρ¯(1)) is isomorphic to H1(Gal(E/K ),Ad0 ρ¯).
Consequently H1(Gal(E/K ),Ad0 ρ¯(1)) = 0. 
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H1{L⊥v }(GK ,S ,Ad
0 ρ¯(1)) and ψ ∈ H1{Lv }(GK ,S ,Ad0 ρ¯) are not zero, then we can ﬁnd a place w /∈ S and a
locally admissible pair (Cw , Lw) such that
(1) dimk H1(Gw/Iw ,Ad
0 ρ¯) = dimk Lw = 1,
(2) the image of ψ in H1(Gw/Iw ,Ad
0 ρ¯) is not zero,
(3) the image of φ in H1(Gw ,Ad
0 ρ¯(1))/L⊥w is not zero.
Proof. Note that Lemma 4 implies that the restrictions of the cocycles ψ and φ are non-zero ho-
momorphisms φ : Gal(KS/E) → Ad0 ρ¯(1) and ψ : Gal(KS/E) → Ad0 ρ¯ . Let Eφ and Eψ be the ﬁxed
ﬁelds of the respective kernels. Then, Gal(Eφ/E) → Ad0 ρ¯(1) and Gal(Eψ/E) → Ad0 ρ¯ are injective
homomorphisms of Fp[GK ,S ]-modules. Since Ad0 ρ¯ is an irreducible GK ,S -module, these morphisms
are bijective, and we see Eφ ∩ Eψ = Eψ(= Eφ) or E . As K = K (μp), Gal(Eφ Eψ/E) is isomorphic to
Gal(Eψ/E) and Gal(Eφ/E). Therefore, Gal(Eφ Eψ/E) may be regarded as a k[Gal(E/K )]-module. The
natural homomorphisms Gal(Eφ Eψ/E) → Ad0 ρ¯(1) and Gal(Eφ Eψ/E) → Ad0 ρ¯ are isomorphisms.
Since PSL2(Fpr ) has no non-trivial abelian quotients, the image of the morphism ˜¯ρ × χp : GK ,S →
PGL2(k) × k× contains PSL2(Fpr ) × 1, where ˜¯ρ is the projective image of ρ¯ and χp is the mod p
cyclotomic character of GK ,S . Thus there is an element σ ∈ Gal(E/K ) such that χp(σ ) = 1 and ρ¯(σ ) =(
λ λ
0 λ
)
, for some element λ ∈ k× .
We denote by σ˜ a lift to Gal(Eφ Eψ/K ) of σ . Let L be the subset of Ad
0 ρ¯ whose elements have
the form
( ∗ ∗
0 ∗
)
and let L′ be the subset of Ad0 ρ¯(1) whose elements have the form
( ∗ ∗
0 ∗
)
. Put q = #k.
Since #Gal(Eφ Eψ/E) − #(σ˜−1 + ψ−1(L)) − #(σ˜−1 + φ−1(L′)) = q3 − 2q2 = q2(q − 2) > 0, there exists
τ ∈ Gal(Eφ Eψ/E) such that ψ(τ ) /∈ −ψ(σ˜ ) + L and φ(τ ) /∈ −φ(σ˜ ) + L′ .
By the Cˇebotarev density theorem, we can choose a place w /∈ S which is unramiﬁed in Eφ Eψ/K
such that Frobw = τ σ˜ . Take Cw and Lw as in Case I. By Lemma 1 of this paper and Lemma 4.8 of [BK],
it follows that (w,Cw , Lw) has the desired properties. (Note that one may replace function ﬁelds in
[BK] with number ﬁelds without affecting the proof.) 
Lemma 6. Suppose that one is given locally admissible pairs (Cv , Lv)v∈Sf such that∑
v∈Sf
dimk Lv 
∑
v∈S
dimk H
0(Gv ,Ad0 ρ¯).
Then we can ﬁnd a ﬁnite set of places T ⊃ S and locally admissible pairs (Cv , Lv)v∈TS such that
H1{L⊥v }
(
GK ,T ,Ad
0 ρ¯(1)
)= 0.
Proof. Suppose that 0 = φ ∈ H1{L⊥v }(GK ,S ,Ad
0 ρ¯(1)). By the assumption of the lemma and Theo-
rem 4.50 of [Hi], we see that dimk H1{Lv }(GK ,S ,Ad
0 ρ¯) dimk H1{L⊥v }(GK ,S ,Ad
0 ρ¯(1)). Then we can ﬁnd
0 = ψ ∈ H1{Lv }(GK ,S ,Ad0 ρ¯). Thus we can ﬁnd a place w /∈ S and a locally admissible pair (Cw , Lw)
such that
(1) dimk H1(Gw/Iw ,Ad
0 ρ¯) = dimk Lw ,
(2) H1{Lv }(GK ,S ,Ad
0 ρ¯) → H1(Gw/Iw ,Ad0 ρ¯) is surjective,
(3) the image of φ in H1(Gw ,Ad
0 ρ¯(1))/L⊥w is not zero,
by Lemma 5. We have an injection
H1 ⊥
(
GK ,S ,Ad
0 ρ¯(1)
)
↪→ H1 ⊥ 1 0
(
GK ,S∪{w},Ad0 ρ¯(1)
)
.{Lv } {Lv }∪{H (Gw ,Ad ρ¯(1))}
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#Coker
(
H1{Lv }
(
GK ,S ,Ad
0 ρ¯
)→ H1(Gw/Iw ,Ad0 ρ¯)),
by applying Theorem 4.50 of [Hi] to
H1{L⊥v }
(
GK ,S ,Ad
0 ρ¯(1)
)
and
H1{L⊥v }∪{H1(Gw ,Ad0 ρ¯(1))}
(
GK ,S∪{w},Ad0 ρ¯(1)
)
.
Thus
H1{L⊥v }
(
GK ,S ,Ad
0 ρ¯(1)
)= H1{L⊥v }∪{H1(Gw ,Ad0 ρ¯(1))}(GK ,S∪{w},Ad0 ρ¯(1)),
and we obtain an exact sequence
0→ H1{L⊥v }∪{L⊥w }
(
GK ,S∪{w},Ad0 ρ¯(1)
)→ H1{L⊥v }(GK ,S ,Ad0 ρ¯(1))
→ H1(Gw ,Ad0 ρ¯(1))/L⊥w .
Hence φ /∈ H1{L⊥v }∪{L⊥w }(GK ,S∪{w},Ad
0 ρ¯(1)) ⊂ H1{L⊥v }(GK ,S ,Ad
0 ρ¯(1)). The lemma follows by repeating
such a computation. 
Let S ′ denote the set of places of K consisting of the places above p, the inﬁnite places and the
places at which ρ¯ is ramiﬁed.
Proof of the Theorem. This follows almost at once from Proposition 1 and Lemma 6. For each place
v satisfying v ∈ S ′f and v  p, take Cv and Lv as in Case II or Case III. For places v | p, take Cv and Lv
to be the collection of all δ|Gv -lifts of ρ¯|Gv and H1(Gv ,Ad0 ρ¯), respectively. By Theorem 4.52 of [Hi]
and the assumption of the Theorem, we have
∑
v|p
dimk Lv =
∑
v|p
dimk H
0(Gv ,Ad0 ρ¯)+∑
v|p
[Kv : Qp]dimk Ad0 ρ¯
and thus we obtain
∑
v∈S ′f
dimk Lv 
∑
v∈S ′
dimk H
0(Gv ,Ad0 ρ¯). 
2222 Y. Tomiyama / Journal of Number Theory 130 (2010) 2214–2222References
[B] G. Böckle, Presentations of universal deformation rings, in: D. Burns, K. Buzzard, J. Nekovárˇ (Eds.), L-Functions and Galois
Representations, Cambridge University Press, 2007.
[BK] G. Böckle, C. Khare, Mod  representations of arithmetic fundamental groups, I, Duke Math. J. 129 (2005) 337–369.
[D] L.E. Dickson, Linear Groups, B.G. Teubner, 1901.
[DDT] H. Darmon, F. Diamond, R. Taylor, Fermat’s last theorem, in: J. Coates, S.-T. Yau (Eds.), Elliptic Curves, Modular Forms, and
Fermat’s Last Theorem, Internat. Press, Cambridge, MA, 1995, pp. 2–140.
[G] T. Gee, Companion forms over totally real ﬁelds, II, Duke Math. J. 136 (2007) 275–284.
[Ha] S. Hamblen, Lifting n-dimensional Galois representations, Canadian J. Math. 60 (2008) 1028–1049.
[Hi] H. Hida, Modular Forms and Galois Cohomology, Cambridge Stud. Adv. Math., vol. 69, Cambridge University Press, Cam-
bridge, 2000.
[K] C. Khare, Base change, lifting and Serre’s conjecture, J. Number Theory 63 (1997) 387–395.
[KW1] C. Khare, J.-P. Wintenberger, Serre’s modularity conjecture (I), preprint.
[KW2] C. Khare, J.-P. Wintenberger, Serre’s modularity conjecture (II), preprint.
[M] J. Manoharmayum, Lifting Galois representations of number ﬁelds, J. Number Theory 129 (2009) 1178–1190.
[R1] R. Ramakrishna, Lifting Galois representations, Invent. Math. 138 (1999) 537–562.
[R2] R. Ramakrishna, Deforming Galois representations and the conjectures of Serre and Fontaine–Mazur, Ann. of Math. 156
(2002) 115–154.
[S1] J.-P. Serre, Sur les représentations modulaires de degré 2 de Gal(Q¯/Q), Duke Math. J. 54 (1987) 179–230.
[S2] J.-P. Serre, Galois Cohomology, Springer-Verlag, Berlin, 1997, translated from the French by Patrick Ion.
[T] R. Taylor, On icosahedral Artin representations, II, Amer. J. Math. 125 (2003) 549–566.
